
Scalar spacetime: 
Laurent Nottale’s theory of scale-relativity



Scalar spacetime: 
Laurent Nottale’s theory of scale-relativity

1. The history of relativity
2. The principle of relativity as a method
3. The crisis of physics and the hypothesis of differentiability
4. Fractal geometry and scale space
5. Useful tools and insights 



Questions and ideas from previous meetings



What are scales and resolutions?

- language approach: resolutions as operational concepts to move from a domain of 
predication to one of another scale of analysis (ex: “pieces of wood” → “molecules”)

- categorical approach: resolution as endofunctors with certain commutative properties

- lattice theory approach: resolution as filters on infinite posets with certain unclear 
properties

- type theoretical approach: resolution as sets of fibers whose elements are made 
indistinguishable from the perspective of a certain functional process.

- computational approach: resolution as iterational limit on a recursive fractal function

- fractal geometry approach: resolution as nondifferentiable paths in fractal space - 
paths that converge to incompatible limits



Attribute: set of possible predicates on parts of a world

Resolution: a determination of the base unit that establishes a form of measuring 
the world (attribute + synthetic characteristics)

Resolution-range: the set of possible resolutions that are specifically accessible 
given the objects of some world (attribute + synthetic+instrumental condition)

Scale-change: the case where the change in atomic resolution leads to a material 
synthesis of the world that does not preserve the minimal and maximal of the 
origin-world.

Layer-change: the case where the change in atomic resolution leads to a material 
synthesis of the world that adds information that is not accessible through mere 
predication, but which does not contradict the origin-world.



Laurent Nottale

1993 2011 2019



Laurent Nottale (born 29 July 1952) is an astrophysicist, a retired director of research at 
CNRS, and a researcher at the Paris Observatory. He is the author and inventor of the 
theory of scale relativity, which aims to unify quantum physics and relativity theory.

Nottale began his professional work in the domain of general relativity. He defended his 
PhD Thesis in June 1980, entitled "Perturbation of the Hubble relation by clusters of 
galaxies", in which he showed that clusters of galaxies as a whole may act as 

gravitational lenses on distant sources.[1] Some of these results were reported in 

Nature.[2][3]He also published a popular book L'Univers et la Lumière, Flammarion, 
Nouvelle Bibliothèque Scientifique 1994, Champs 1998) for which he received a prize in 
1995 (Prix du livre d'Astronomie Haute-Maurienne-Vanoise).According to Vincent 
Bontems and Yves Gingras [fr] there are two distinct phases in Nottale's scientific 

career.[4] From 1975 to 1991 this included conventional topics, such as gravitational 
lenses, while from 1984 onwards he focused on developing his theory of scale relativity, a 
proposal for a theory of physics based on fractal space-time.

Scale relativity claims to extend the concept of relativity to physical scales (of time, 

length, energy, or momentum).[5] Proponents have made wide-ranging claims on its 
behalf, including applications to the existence of dark matter and the formation of 

planetary systems, as well as to biology, geology, and the technological singularity.[6][7] 
Nottale, himself, did not study technological singularities. The proposal has not 

attracted wide acceptance by the scientific community.[8]
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A Quick History of Relativity: Copernicus to Galileo

I. The Copernican move of decentering the earth in 
favor of a heliocentric model is the start of the 
process that birthed relativity
A. Kepler then noticed that the planets do not orbit the sun 

in circles but rather in ellipses along with the sun around 
a focal point not located at the suns center

B. The consequence is that no absolute center of the 
universe exists

II. Galileo took this observation further stating that 
the laws of physics must be invariant under 
translations of reference frames, what is called 
Galilean Relativity
A. Importantly, reference frames must be inertial (i.e. not 

accelerating) in this model



A Quick History of Relativity: Descartes
I. Studying collisions, Descartes formalized the 

principles of Galilean relativity
A. By identifying reference frames with choices of 

cartesian coordinates, Galilean relativity amounts to 
translating between coordinate systems

B. This is the declaration of a symmetry of the laws of 
physics under translations

II. This perspective led him to be the first to 
propose something like the conservation of 
momentum:
“It is obvious that when God first created the world, He not only 
moved its parts in various ways, but also simultaneously caused some 
of the parts to push others and to transfer their motion to these others. 
So in now maintaining the world by the same action and with the same 
laws with which He created it, He conserves motion; not always 
contained in the same parts of matter, but transferred from some parts 
to others depending on the ways in which they come in contact.”



A Quick History of Relativity: From Newton to Mach
I. Universal gravitation: between any two bodies there 

exists a force of attraction that varies directly with their 
masses with the inverse square of the distance between 
them.

A. Introduces differential calculus to the description and prediction 
of the physical world

B. Upheld the existence of an absolute space due to the problem of 
inertial forces (ex: rotational forces)

II. Mach proposed a new interpretation to the problem of 
accelerated motion’s apparent absoluteness, in favour of a 
relatitivistic account of reference frames:

“The turning body, within which there appear inertial forces, must turn not with 
respect to a certain absolute space, but with respect to other material bodies (...) it is 
within the same frame of reference that the arms are raised and the sky turns, and 
this will be true for two points of the Earth separated by thousands of km. Mach 
suggested, then, that the common frame of reference is determined by the entirety of 
distant matter, of bodies at infinity, of which the cumulative gravitational influence 
would be at the origin of inertial forces. In other words, the body would turn with 
respect to a frame of reference, not absolute, but universal””



A Quick History of Relativity: Noether
I. Emmy Noether generalized this association of 

symmetries and conservation laws in the following 
way:

A. “To every differentiable symmetry generated by local actions 
there corresponds a conserved current.” (Wikipedia, Noether’s 
Theorem)

B. The key idea is that symmetries of the actions on the system 
give constraints on the system in the form of conservation 
laws

II. Some applications of the theorem:
A. Translational symmetry implies conservation of momentum
B. Time symmetry implies conservation of energy
C. Rotational symmetry implies conservation of rotational 

momentum
D. In Quantum Field Theory the analogue called the 

Ward-Takahashi identity has similar derivations of 
conservation laws such as the conservation of electric 
charge from the phase symmetry of the complex field of the 
particle
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A Quick History of Relativity: Einstein’s Special Relativity
I. Special Relativity explains how the relativity of velocity and the speed of 

light being absolute for all reference frames are compatible
A. It states that the laws of physics are invariant under Lorentz 

transformations of coordinate systems rather than Galilean 
(linear) ones

B. The new invariant of the system is the spacetime interval
II. Both space and time become relative quantities

A. Different observers will disagree on measurements of space and time 
depending on their reference frames

B. Simultaneity is not agreed upon by all observers
C. The Lorentz transformations between reference frames give the 

relative shift of these measurements between one another

Interactive spacetime diagram: http://www.trell.org/div/minkvindu.html

http://www.trell.org/div/minkvindu.html


Quick Detour: Points of Infinity in Physics

I. The speed of light takes the position of an infinite quantity
A. For anything with mass, accelerating to the speed of light 

would require an “infinite” amount of energy
B. Massless particles on the other hand stand in an absolute 

position travelling only at this infinite limit speed 
II. Compactification

A. The process of changing perspective such that an 
infinite space is compacted into a finite volume 
generally by attaching some “horizon of infinity”

B. Penrose famously came up with a conformal (angle 
preserving) compactification of space-time 
diagrams that helps understand the causal 
structure when black holes are included

C. String theorists use compactifications of extra 
dimensions as a way to explain how it’s high 
dimensional models are compatible with the 
experience of a 4D space-time

E.g. The compactification of the hyperbolic 
plane tessellated by M.C. Escher



Quick Detour: Points of Infinity in Physics E.g. The compactification of the hyperbolic 
plane tessellated by M.C. Escher



A Quick History of Relativity: Einstein’s General Relativity
I. The Equivalence Principle

A. General Relativity begins with Einstein formulating the equivalence principle:

Locally the effect of the force of gravity is indistinguishable from an accelerating 
reference frame

B. This is the impetus for generalizing the model of spacetime from a flat euclidean 
one to a curved riemannian one

II. Differential forms (the metric tensor in particular) play the role of 
local coordinates
A. At each point there is a way to measure lengths and angles, and a way to 

smoothly move between the points (the covariant derivative)
B. Space-time under General Relativity is locally Minkowskian (looks like Special 

Relativity)
III. Geodesics are the “paths of least action” that follow the curvature 

of space-time
A. In a curved spacetime there is no global notion of “straight line,” geodesics 

generalizes this concept to curved spaces
B. Geodesics appear as paths that locally follow the curvature at each point
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The general principle of relativity

Jean-Marc Lévy-Leblond: distinction between principle 
of relativity and theories constructed on the basis of it.

It’s general formulation can be stated as:

“the fundamental laws of nature are valid in any system of 
reference”

(easy for philosophy, very crazy for physics!)



The general principle of relativity

“the fundamental laws of nature are valid in any system 
of reference”

- presupposition of scientific endeavor

- uniqueness of laws

- connected to Nottale’s defense of the continuum 
hypothesis in physics: there are no absolutely 
disconnected patches of physical cohesion in the 
physical universe



The general principle of relativity

“the fundamental laws of nature are valid in any system of 
reference”

- clear and systematic definition of a “coordinate system”

- scientific statements refer to results of measurement

- “it is what allows us to envision the universality of the 
principle of relativity and the possibility of its application 
to domains of knowledge other than physics alone”



Frames of Reference Depend on Experimental Setup



Frames of Reference Depend on Experimental Setup

“a frame of reference can be defined as an abstract system 
which synthesizes the universal properties of the 
mechanism of measurement”

- centralizes experiments as the determination of 
reference frames in a materialist way

- resolution is thus an additional degree of freedom 
determined by the minimum scale the experiment can 
differentiate



Relativity and invariants

“physical quantities are not defined in an absolute way, but are instead relative to the state of the 
reference system (...) this principle, which is philosophical in nature, is translated into physics 
through three constraints: that of covariance, of equivalence and of geodesics” (Scale relativity and 
Fractal Space-Time)

- covariance: construction of equations such that physical quantities transform together as 
a group as the equation is applied to different reference systems

- equivalence: statement that shows that the very existence of some crucial property is 
dependent on the reference frame - thus determining the existence of a reference frame in 
which such property disappears.

- geodesics: definition of dynamical properties through the very geometry of the reference 
frame - such that “free trajectories” are identified with the geodesics of space time.



Relativity and perspectives



The movement between synthesis and analysis



The movement between synthesis and analysis

- Cartesian thinking is not essentially reductive, but 
compositive: the statement that the analysis of parts 
*always composes in the same way* to become the 
analysis of the whole is not part of the method. 
Hence, there can be analytic principles that divide a 
problem into parts that compose together in different 
ways - the essential part of the method is the 
movement between analysis and synthesis, not the 
form of this movement itself.
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Crisis of physics today



Crisis of physics today



Crisis of physics today



Search for a geometrical basis for the quantum world



The “independent axiom” of differentiability



What is the hypothesis of differentiability?

All contemporary physics carries the assumption that space-time is a differentiable 
manifold (i.e. every point has a neighborhood that looks “locally flat”)

This has the consequence that spacetime is infinitely divisible meaning smaller scale 
subsets are simpler and have less structure

Thus with the hypothesis of differentiability, finer measurements lead to results “closer” to 
reality



What is the hypothesis of differentiability?
Scale relativity relaxes the constraint of differentiability in order to derive the laws of quantum mechanics as 
an extension of General Relativity

Giving up the differentiability of space-time implies scale relativity
A. If space-time is non-differentiable then the derivative in its classical sense has no meaning, smaller 

scales can lead to more complexity potentially ad-infinitum
B. Since finer measurements don’t necessarily get you closer to reality, the truth of the measurement 

is a function that depends on the resolution
1. Non-differentiable spaces have sets of tangents at a point that depend on the scale rather 

than one tangent: https://www.geogebra.org/m/q3vqpsw2
2. The differential equations familiar to physicists can thus be recovered, but with the caveat 

they are in both space-time and scale-space
C. This implies the principle of scale relativity: structure arises at all scales

https://www.geogebra.org/m/q3vqpsw2


From infinitesimals to scale-dependence



From infinitesimals to scale-dependence



From infinitesimals to scale-dependence



From infinitesimals to scale-dependence



1. The history of relativity
2. The principle of relativity as a method
3. The crisis of physics and the hypothesis of differentiability
4. Fractal geometry and scale space
5. Useful tools and insights 



The Scales of Spacetime



The Scales of Spacetime

continuous 
change of magnitudes

discontinuous types
of instruments of measure

physical phenomena



The example of the coast of Britain



Feynman’s path integrals
“Typical paths of a quantum-mechanical particle are highly 
irregular on a fine scale. Thus, although a mean velocity can be 
defined, no mean-square velocity exists at any point. In other 
words, the paths are nondifferentiable.” (Richard Feynman, Quantum 
Mechanics and Path Integrals)

I. Feynman’s path integral generalizes the Principle of Least Action 
to Quantum Field Theory
A. He did this by integrating over the infinity of all possible 

quantum paths phase-scaled by the action of each path
B. Already in this framework, interference between these weird 

paths leads most paths to cancel out at a large scale-- 
hinting at how classical physics could be emergent

II. The success of this approach is one of the key reasons to believe 
Scale Relativity might have something interesting to say about the 
connection between the quantum and classical worlds



Generalization beyond differentiability



Generalization beyond differentiability



Mathematics, physics and experimentation



Mathematics, physics and experimentation



Mathematics, physics and experimentation



The explicitation of resolutions in coordinate systems



Non-differentiability and scale-space
I. For each point in scale-space there is a 

continuum of tangent spaces
A. The tangent spaces each depend on the 

minimum resolution of the measurement 
apparatus at that scale

B. When restricted to the case of smooth 
spaces all such tangent spaces would be the 
same

II. Emergent phenomena arise from the 
way in which these tangent spaces are 
mutually incompatible
A. For each scale, the measurement apparati 

are compatible with one another
B. Has the feeling of a sheaf condition
C. This is the model for the transition between 

the “two worlds” of physics

Scale Spaces Minimal Resolutions
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Emergent structures at all scales

Scale-relativity theory gives us a rich 
example of how we might connect the 
emergence of complexity and structure 
through material changes in measurement 
conditions



Connection between resolutions and experiments

Proposes a structural 
connection between the 
types of structure that are 
accessible in a given system 
of reference and the types of 
measurement that are 
experimentally possible in 
that context



Connection between economic optimization and fractality



Connection between economic optimization and fractality

- Correlation between scale and 
informational thresholds in social 
formations

- Theory of the genesis of different 
modes of exchange from common 
process: how an “added dimension” 
can emerge as a solution to an 
economic problem posed at lower 
dimensions

- Reciprocity (0,1,2)
- Contract (0,1)
- Commodity ([0,1])



Categorical translation of the generalization 
from differentiability to fractal geometry

fractal geometry

differential geometry compositional 
restriction

compositional 
generalization

categorial 
treatment of analysis

“convergent” logics

“scalar” logics

suspension of 
diff hypothesis

categorial interpretation of 
resolutions and scale spaces

topo-logical
interpretation

conceptual
distinction

new mereology



Categorical translation of the generalization 
from differentiability to fractal geometry

Nottale has already set up interesting 
connections between fractal geometry 
and ultrafilters through Robinson’s 
Non-standard analysis



Categorical translation of the generalization 
from differentiability to fractal geometry



Categorical translation of the generalization 
from differentiability to fractal geometry



The convergence between Logics of Worlds and Scale Relativity

Logics of Worlds Interview with Tzuchien Tho



The convergence between Logics of Worlds and Scale Relativity

Aspects of Nottale’s theory are already 
built into Badiou’s theory of worlds - 
such as the use of inaccessible infinities 
to define the ontological closure/logical 
completeness of a world. On the other 
hand, while “atomic logic” is compatible 
with a scale-dependent interpretation, 
this is not an explicit feature of the 
theory, nor are its relative concepts, 
such as layers and resolution-ranges.


