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Abstract

We take a quick look at several structures that allow to extend category theory into a framework that
can handle time as well as quantity by introducing several notions of partial and multicomposition that are
intricately interrelated between each other. This arc of development culminates in a notion of generalized
cobordism that is powerful enough to describe most processes in the physical universe.

Category theory, though a formidable discipline in its own right, suffers from a number of deficiencies in
hindrance of its applications to practical disciplines. In my appearance on C. Derick Varn’s podcast, I have
identified several weaknesses of category theory, two of the most important being its inability to handle
quantity and its incomplete account of time. Both of these can mostly be eliminated through a series of
innovations I have undertaken, which might roughly be understood as follows:

As a prelude that is to be kept somewhat separate from the main considerations, the problem of accounting
for time can be solved by endowing a category 𝐶 with a measure that gives to each morphism a length. This
endowment can succinctly be understood as a morm, a lax functor 𝐶 → 𝐵𝑀 from 𝐶 to the delooping of
an ordered monoid 𝑀 , understood as a 2-category whose 1-morphisms consist of the elements of 𝑀 and
whose 2-morphisms stem from the order relation. The lax preservation of compositionality then becomes the
pleasing inequality ∥ 𝑓 ⨾ 𝑔 ∥≤∥ 𝑓 ∥ + ∥ 𝑔 ∥, a straightforward generalization of the triangle inequality. This
also puts the framework of norms into that of cohomology, understood as the structure induced by mapping
one higher category into another, and makes literal Grothendieck’s visualization of cohomology as a meter
stick.

We then start the study of partial composition structures by introducing the notion of a dreamcat. A dreamcat
𝐷 consists of a commutative meet-semilattice monoid (𝑀,+,∧,−) with a partial inverse operation − such
that we can subtract any element 𝑥 from any larger element 𝑦, a color set 𝐾 , a morphism set 𝑀𝑜𝑟(𝐷),
source and target maps 𝑆, 𝑇 ∶ 𝑀𝑜𝑟(𝐷) → 𝑀𝐾 , an identity map 𝑀𝐾 → 𝑀𝑜𝑟(𝐷) and a composition map
𝑀𝑜𝑟(𝐷)2 → 𝑀𝑜𝑟(𝐷) mapping a pair 𝑓, 𝑔 to a composite 𝑓 ⨾𝑔 such that the source and target rules for partial
composition

𝑆(𝑓 ⨾ 𝑔) = 𝑆(𝑓 ) + 𝑆(𝑔) − (𝑇 (𝑓 ) ∧ 𝑆(𝑔)) (1)

𝑇 (𝑓 ⨾ 𝑔) = 𝑇 (𝑓 ) + 𝑇 (𝑔) − (𝑇 (𝑓 ) ∧ 𝑆(𝑔)) (2)

In other words, composition adds sources and targets together and removes the intersection. If the target of
𝑓 equals the source of 𝑔, this reduces to the usual composition rule, but it also allows for composition when
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targets don’t match sources. With this, it provides a rough algebraization of the calculus of stream diagrams,
an extension of string diagrams that replaces the strings with streams, like so:

Figure 1: In the string diagrams of props, objects are given by colored strings, in stream diagrams they are
instead streams of a certain width. Objects that are not used in the composition process are added to the
sources and targets.

However, the stream diagram calculus contains quite a bit more information than is inherent in dreamcats. In
particular, the way the streams are ordered in a diagram is not at all reflected in the completely commutative
dreamcat calculus. Furthermore, it is not clear how to categorify the notion of a dreamcat, as semi-lattices are
1-categorical basically per definition. The meet operation is a special case of a categorical limit in a partial
order, and if the partial order is replaced by a category, the limit operation is not idempotent anymore, so that
even the composition of an identity with itself would generally not have the same source and target, yielding
a structure that is very different from a normal category. Furthermore, the complete commutativity inherent
in the definition makes it impossible to connect it to props1. So we look for a noncommutative extension of
the commutative definition of a dreamcat. We can find such an extension in the notion of a dreamy cat. In
a dreamy cat, we use a monoid 𝑀 to structure our objects. We then look at an action of 𝑀 on an object
set and take the colax or covariant quotient, of that action. The generic example is the free monoid on 𝐾
colors  (𝐾), biacting on itself through bimultiplication, so that a morphism 𝐹 ∶ 𝑚 → 𝑛 in the covariant
quotient ⃖⃗Σ( (𝐾)) consists of a pair of tuples (𝑎, 𝑏) such that 𝑎𝑚𝑏 = 𝑛. Thus, a span 𝛾 ∶ 𝑛1 ← 𝑚 → 𝑛2 in the
covariant quotient picks out a common sub-tuple 𝑚 of 𝑛1 and 𝑛2. Sticking with our example, we can extract
from each morphism 𝐹 ∶ 𝑚 → 𝑛 in the covariant quotient the pair of elements (𝑎, 𝑏) that converts 𝑚 to 𝑛
through bimultiplication. We denote this tuple as 𝐹

𝑠(𝐹 ) , so that ( 𝐹
𝑠(𝐹 ) )1 in the above example is 𝑎 and ( 𝐹

𝑠(𝐹 ) )2
is 𝑏. Furthermore, we denote the tip of a span 𝛾 as 𝜏(𝛾) and the morphisms of 𝛾 as 𝛾1 and 𝛾2. In a dreamy cat
𝐷 on the free monoid on 𝐾 colors then, we again have a morphism set 𝑀𝑜𝑟(𝐷), source and target functions
𝑆, 𝑇 ∶ 𝑀𝑜𝑟(𝐷) →  (𝐾) and a composition function that allows us to compose any pair 𝑓, 𝑔 ∈ 𝑀𝑜𝑟(𝐷)
along any span 𝛾 between 𝑇 (𝑓 ) and 𝑆(𝑔) to obtain a morphism 𝑓𝛾𝑔 such that

𝑆(𝑓𝛾𝑔) = (
𝛾2
𝜏(𝛾)

)1𝑆(𝑓 )(
𝛾2
𝜏(𝛾)

)2 (3)

and similarly for targets. This arrangement corresponds to the following string diagram
1My considerations actually started with looking at the potential applications of props to economics. For a first foray into the potential

applications of props, see [2].
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Figure 2: This is the shape of generic composition in dreamy cats over the free monoid on𝐾 colors. Relations
in the base monoid then establish equalities between the tuples of in- and outputstreams.

The calculus up to this point doesn’t keep track about which stream goes above which, but it can fairly easily
be refined to one that does. Another refinement can be made to use continuous quantities of colors instead
of discrete tuples, so that generic composition looks like this:

Figure 3: Generic composition in a dreamy cat with continuous color quantities.

Furthermore, we can take the covariant quotients of several distributing actions instead of just one and use
morphism and object categories instead of sets. The last refinement allows us to subsume props within our
calculus, and the next-to-last is important if the quantities under consideration can be scaled.

Continuing our journey, we might notice that a morphism up to this point looks somewhat like this

Figure 4: A morphism in a stream diagram with one input and two outputs.

having clearly separated sources and targets. However, if we look at a factory, it looks more like this
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Figure 5: A factory usually looks somewhat like this from the top, with several entries and exits that are not
clearly separated. The same path might even be an exit and an entry, depending on the goods and/or point
in time.

One way to get our calculus closer to this image is to just ditch the algebra and directly use geometry! More
precisely, we need a class of objects that are closed under a procedure that can roughly be described as “glue
together and forget the gluing place”, or something similar. The simplest case is that of a line: when we
glue two lines together, we get another line. Furthermore, the simplest possible such formulation of a line
is that of a line object, which contains two distinguished points, its starting and end points. If we glue two
such lines together by taking the pushout, we have to forget the gluing place as a distinguished point, this is
the mentioned forgetting. We furthermore need our class of objects to contain a special one that has exactly
two boundary components. Again a line is the simplest case. About the next simple one is that of polygons,
including both the digon with two sides and the apeirogon with ℤ-many sides.

Let’s stay with that case for a moment. Similar to interval objects, we can define a polygon object as being
characterized through its edges, and define the category of polygons as the free category of polygonal objects
⬠. What we want to do is glue two polygons together like this:

Figure 6: Gluing a triangle to a square along one side yields a pentagon.

To do that, we actually have to go into the topos of polygonal sets 𝑃𝑆ℎ(⬠). We can then define the boundary-
removing gluing of two polygons ⬠𝑚,⬠𝑛 to be made from the pushout of the polygons by taking the union
of all edges that have not been glued to any other edge, and then freely filling the resulting structure. This
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makes sense more generally for any two polygonal sets and lines along their boundary.

Now, to make these polygons into a basis for morphisms, we have to color their edges in a way that indicates
whether they are in- or outgoing, like this:

Figure 7: A pentagon whose edges are colored in a directed way.

We define such a coloring as a span ⬠𝑛 ←
∐

𝑛 𝐼 → 𝐾 × {−1, 1}, where 𝐼 is the interval object in the
topos 𝑃𝑆ℎ(⬠) of polytopic sets and write the set of edge-colored polygons as ⬠. We can then define a
shape function 𝑆ℎ ∶ 𝑀𝑜𝑟(𝑆) → ⬠ that associates to each morphism a colored shape and define a polygonal
shapely cat as a structure that allows us to compose two morphisms along an edge, or more generally along
a boundary line, of their shapes, if and only if the outgoing color of one is the incoming color of the other:

Figure 8: Two pentagonal morphisms about to be composed along a suitable edge.

We can further tweak the coloring process in the following way: instead of simply using an object of the form
𝐾 ×{−1, 1}, we can choose a rig  containing at least −1 and replace the {−1, 1}-factor above by , so that
each edge is not simply colored in one either incoming or outgoing color, but in a quantity of a color. If  is
an ordered rig, we can say that positive quantities are incoming and negative quantities are outgoing (please
note that this is convention, we could as well use the reverse system). Furthermore, instead of coloring in the
product 𝐾 ×, we can color in the module 𝐾 , so that the elements of 𝐾 correspond to “primary colors”
and the edges of a polygon colored in 𝐾 display mixed colors and anti-colors.

Our polygons look then somewhat more like this:
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Figure 9: A pentagon whose edges are colored in colors that are linear combinations of the colors we used
before. Direction is now indicated by whether the color value of a primary color is positive or negative. The
analogy to color somewhat breaks down at this point, since a physical primary color doesn’t really have a
negative value.

Finally, we might want to be able to compose two morphisms along two respective edges not just if those two
edges have the exactly inverse coloring, but also if the sum of their colorings in 𝐾 is such that it can be let
out through other edges of the resulting polygon, similarly to how we might connect two water pipes, even
if one of them cannot take in the entire output of the other, or even if they are both exits for water, as long as
the entire water system can alleviate the resulting increase in pressure through other exits.

As mentioned, the general system we have outlined works for many more shapes than polygons. What is
needed is a category with a notion of dimension and of boundary, that is closed under a kind of quasi-pushout
that removes the intersection at least as a piece of data. An example of a somewhat different flavor is that of
stars, categories with one center object, at least two outside objects, and a morphism going from the center
to each outside object:

Figure 10: A star.

We can then make any number of stars into a new star by connecting one of their surface nodes each, and
contracting along the resulting paths:
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Figure 11: Several stars are being composed along one of their rays by first connecting them, then contracting
along that connection.

This is an important example both because it is somewhat different from the others in working through
contraction, not removal, and because it provides a good frame for composition of several morphisms at the
same time. It is also “dual” to the examples we have previously studied in a way that is hard to formalize, in
that the others work “along the boundary”, whereas this one works “between boundary and center”.

Yet another example is that of cubes. We can glue together two 𝑛-cubes along along faces of the same
proportions and doing so creates an 𝑛-cube whose length in the direction perpendicular to the glued side is
the sum of the lengths of the glued cubes:

Figure 12: Two rectangles can be glued along a side to get another rectangle if and only if those sides have
the same length, and in that case, the length of the resulting rectangle in the direction perpendicular to the
glued side is the sum of the lengths of the glued rectangles.

More generally, we can compose several 𝑛-cubes along a hypersurface they jointly fill:
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Figure 13: Several rectangles are composed along a line they jointly fill.

With this change from a system in which directionality is handled by source and target maps to a system where
directionality is handled through additional algebraic information goes a potential change in perspective:
where we might think of a normal arrow → in a category as a process that has some input and some output,
perhaps unfolding in time, particularly if the category in question is mormed, we might think of a polygonal
morphism as a process at a fixed or generic point in time, that has a specific rate of in- and outputs. Thus,
we have transformed our frame of mind from a temporal to a spatial one. However, if we want to be realistic,
we need to combine the spatial and temporal images into a spatiotemporal one. One way we can do this is by
extending the objects of our considerations into a further dimension. If we do this with polygons, we obtain
prisms:

Figure 14: A temporally stretched polygon gives a prism, which in turn is just a special polytope.

If we do it with circles, we obtain the classical image of cobordisms:
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Figure 15: A temporally stretched circle is just an empty tube, which is the classical depiction of an elemen-
tary cobordism.

Please note that prisms are polytopes, so if we ignore time length, then the category of polytopes is closed
under this operation. Another category that is similarly closed is the category of manifolds with boundary,
connecting our theory to that of cobordisms. However, we want to be able to compose our “cobordisms” also
along their sides, like this:

Figure 16: We would like to compose cobordisms sideways. This isn’t contained in the classical formalism.

One way to do this is to fill these tubes, then glue them together along their surface, like this:

9



Figure 17: In our formalism, we are just gluing manifolds with boundary along parts of their boundary and
removing the section that is glued as boundary information (although notions such as that of a connected
sum are also closely related).

However, if we want to keep spatial and temporal composition separate, then we have to subdivide our man-
ifolds so that we can’t compose over the subdivision boundaries, like this:

Figure 18: To be able to distinguish space and time, we have to subdivide our boundaries. In applications
we can usually assume that the temporally first boundary of a cobordism is purely an input boundary and
the temporally last boundary is purely an output boundary.

We can then use similar coloring mechanisms as we used for polygons for boundary pieces (however, if we
want to again apply the “distributed release” techniques we used with polygons, then we have to have some
measure to integrate against). We can also compose several cobordisms temporally, similarly to cubes:

Figure 19: Several generalized cobordisms about to be glued together along a hypersurface (blue line) that
is jointly filled by the temporal boundaries of the gluing parts.
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We can even define an analogue of the area-filling multi-composition we saw for cubes:

Figure 20: Generalized cobordisms can be glued into a bigger generalized cobordism that they jointly fill.
Please note that we do not need to assume that the cobordisms start and stop at the same point in time if we
keep track of time, though it makes sense to add this as a requirement in certain special cases.

However, if we go back to the start of the presentation, we remember the triangle inequality for morphisms
∥ 𝑓 ⨾ 𝑔 ∥≤∥ 𝑓 ∥ + ∥ 𝑔 ∥. But if we take length to be time length and we compose two temporally graded
cobordisms along the temporal parts of their surface, then this inequality is always an equality:

Figure 21: If we just glue temporally along the boundary, the time length of the resulting cobordism is always
the sum of the time lengths of its components.

So we might rather want to compose cobordisms along their interior as well, corresponding to the situation
where the processes share production steps. For this, we have to not just color the surface, but the interior
as well, and we can’t just use manifolds anymore, we have to use at least smooth sets. We can then compose
the cobordisms in question like this:
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Figure 22: Here we are gluing the end section of one cobordism to the beginning section of another, corre-
sponding to the situation that we can use the last step of one process as the first step of the next.

or even like this:

Figure 23: Here we have two processes mostly running in parallel, except for one step that they share.

Please note that the surface and interior colorings are different, the surface coloring corresponding to rates of
in- and outputs while the interior coloring corresponds to something like stored resources. Continuing this
idea, we can go down even more codimensions and introduce more subdivisions, so that our framework can
also generalize extended cobordisms. This framework of generalized cobordisms and extended cobordisms
subsumes most other frameworks we have discussed in one way or another and provides us with a fairly
precise description of what a process is:
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Initial inputs

Continuous
in/output rates

Final outputs

Figure 24: It is my hypothesis that a general elementary process can be understood as a basic geometric
object stretched along the temporal axis and possibly varying its spatial position. More complex processes
then arise through interactions that can be understood through the various composition possibilities we have
discussed. In particular, each elementary process has initial inputs, final outputs and rates of in- and outputs
between the two. More complex processes might have several initial inputs/final outputs at different points
in time, corresponding to the initial inputs/final outputs of the elementary processes they are composed of.

In particular, each process has initial inputs and final outputs, as well as rates of inputs and outputs at each
moment in time. Processes can be composed by exchanging resources, sharing common steps, or by having
one run after the other. All of this is contained in the formalism.

Finally, this “cobordistic” framework comes in several variations. Most well-known is the “classical” topological/differential-
geometric one using manifolds with boundary. We’ve already hinted at the combinatorial analogue:
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Figure 25: A hexagonal-prismatic combinatorial cobordism being multiglued with several triangular-
prismatic combinatorial cobordisms to yield another hexagonal-prismatic combinatorial cobordism.
Multigluing rules are more stringent for combinatorial cobordisms than for topological ones and correspond
to tiling problems. The exact degree of stringency depends on how exactly we measure the things involved.
The strictest case is when we want to keep track of the actual lengths of the sides of the polytopes involved,
the loosest only uses abstract polytopes. An intermediate case of interest is if we only exactly measure the
temporal direction.

This opens connections to some of the oldest problems of mathematics, namely tiling problems, as can be
seen from this image. Furthermore, there is an algebro-geometric variation using semialgebraic varieties,
which might be particularly interesting for processes that feature singularities, since algebraic geometry can
handle those more easily2.

2I haven’t found anyone stating this clearly but semialgebraic varieties are the algebro-geometric analogue of manifolds with boundary
in the same way that schemes are the algebro-geometric analogue of manifolds without boundary. The place of semialgebraic varieties
within the more general algebro-geometric formalism is clarified in [1]
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Figure 26: The semialgebraic set defined by 𝑧2 + 𝑦2 − 𝑥4 = 0, 0 ≤ 𝑥 ≤ 1,−1 ≤ 𝑦 ≤ 1,−1 ≤ 𝑧 ≤ 1 with a
clear singularity.

There should also be incarnations of the theory in other variants of algebraic geometry, most straightforwardly
analytic geometry3, so using semianalytic and/or subanalytic sets. Thus, this really this is a metageometric
theory somewhat akin to Lurie’s Structured Spaces[3] , and there should actually be an extension of Lurie’s
theory from generalized algebraic geometry to generalized semialgebraic geometry that encompasses at least
the continuous cases, i.e. the differential/algebro-geometric ones.
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